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2of outer products of the vectors j i and ji:
 = j ihj+ jih j : (2)
A particular realization of the stochastic process will be
denoted by the pair (j i; ji). The averaging is per-
formed over all trajectories possibly including a weighted
sum over pure initial states. A vantage of this averaging
is the conservation of Hermiticity for every single trajec-
tory in contrast to Ref. [15]. We note that this smallmod-
ication improves the numerical eÆciency signicantly.
For the SSEs let us consider 2M independent possibly
complex noise variables 
i
k
(t). The superscripts denote
which of the two terms from the Hermitian pair in the
sum in Eq. (1) is taken and subscripts denote the various




















Next, as an ansatz we construct a SSE which propagates
the pair (j i; ji)








































the stochastic part of the evolution. In
general, they may depend on the state vector and explic-
itly on time. After dierentiating Eq. (2), neglecting all
terms higher than rst order in dt, and assuming that







































has to equal S
2
1k
























arbitrary scalar functions of (j i; ji)
T
and possibly of





































(t) is the number of jumps in channel k and due to













is equal to p
i
k
dt during the innitesimal time interval dt.
Thus, the noise variables 
i
k























The phase factor e
i'
does not change the RDM expres-
sions within each realization and can be set to one. Sub-












































































































still remain free parameters.
In the statistical limit their values have no inuence on
any averaged physical quantity. Nevertheless, it turns out
that they can strongly inuence the convergence behavior
of the jump algorithm, i.e. they determine the statistical
error of the observables calculated. A detailed discussion
of this inuence and utilization of such free parameters
can be found in Ref. 22.
To ensure an eÆcient scheme with fast convergence one
has to require that the norm of every single trajectory is
constant in time. Asking for hji, h j i, etc. being
constant in time does not create a stable scheme but the





[j ihj+ jih j]

= 0 (9)
does. Unfortunately, applying this condition does not








trary real functions, they can be replaced by their ab-
solute values. The price to pay is that we have to in-
troduce an additional weight factor for the trajectories
which jumps between one and minus one. In addition,
there is a small deviation of the norm from unity be-
cause in the regions where the p
i
k
are replaced by their
absolute values norm conservation is no longer guaran-
teed. But in all our tests this deviation was far below
one percent and neither eected numerical stability nor
eÆciency. The negative weights are actually needed to re-
construct RDMs which are, in general, not positive-semi-
denite. If the RDM stays positive-semi-denite during
3its entire time-evolution the negative weights of some tra-
jectories are not needed, i.e. all trajectories can be nor-
malized to unity and represent physically pure states of
the open quantum system. In the examples below the
RDM can exhibit negative populations. This unphysical
situation could probably be cured by applying an initial
slippage to the initial state [23, 24]. We note that this
physically unreasonable RDMs occur because of unphys-
ical initial states or because the QME is not physically
correct or is applied in a parameter region where it is is
not valid. Nevertheless an unraveling scheme has to be
able to mimic also this unphysical behavior of the QME
because in the ensemble average both should fully coin-
cide.





















and if applied to the deterministic part of the correspond-




j i+ h jA+ A
y
ji
hj i+ h ji
: (11)
All partial jump rates can be found subsequently making

































hj i+ h ji
: (12b)
In the rest of this article let us briey show how the
proposed method can be applied to two typical physical
problems: the quantum Brownian motion and dissipative
electron transfer within Redeld theory. In both cases
the systems are described by Markovian QMEs which do
not have Lindblad structure. The model of Brownian
motion [1] describes a particle with mass m, coordinate
q, momentum p and Hamiltonian H
S
interacting with a
thermal bath. In the high temperature limit of a bath of















[q; [q; ]] (13)
where  is the damping rate. Comparing with Eq. (1)

















































FIG. 1: Time evolution of the third excited state of the
harmonic oscillator in the quantum Brownian oscillator model
for  = 10
 3
!, kT = 4:5!. The direct integration of the QME
(thick solid line) is compared to the results of the quantum
jump method with 1 trajectory (dot-dashed line), average of
100 (thin solid line) and 1000 (broken line) trajectories.
Modeling the particle as a harmonic oscillator with eigen-
frequency ! one can compute the population dynamics
depicted in Fig. 1. The initial state of the oscillator is
the pure state 
33
= 1. As can be seen, the agreement of
the results using our new stochastic method and using a
direct integration of the QME is already quite good for
one thousand samples.
As a next test for the present quantum jump method
we shall demonstrate the stochastic unraveling of the





















in which  is the relaxation operator and K the system
part of the system-bath interaction [12]. Let us consider
a model for electron transfer in which the system includes














are the Hamiltonians of two cou-
pled harmonic oscillators with frequency !. We choose
a potential conguration in the normal region with no
barrier between the two harmonic potentials (change of
free energy E = 2!, reorganization energy  = 3!)
with inter-center coupling v
12
= !. The bath is de-
scribed by a cut-o frequency !
c
= ! and temperature
kT = !=4. The system-bath interaction is characterized
by the damping rate   = =(M exp(1)) = !=10 (see
Ref. [25] for details). After rearrangement of Eq. (15)
one can easily identify the operators involved in Eq. (1)




= , A =  iH
S
  K. A
Gaussian wave packet located at the donor state j1i and
having energy slightly above the crossing of the har-
monic potentials was chosen as initial state. The nu-
merical simulation for about 1000 trajectories provides
40
2
4
6
8
10
ωt/(2
pi)
0
0.2
0.4
0.6
0.8 1
P
1
F
I
G
.
2
:
R
e
l
a
x
a
t
i
o
n
o
f
t
h
e
d
o
n
o
r
p
o
p
u
l
a
t
i
o
n
f
o
r
t
h
e
e
l
e
c
t
r
o
n
t
r
a
n
s
f
e
r
m
o
d
e
l
.
T
h
e
s
o
l
i
d
l
i
n
e
s
h
o
w
s
t
h
e
e
x
a
c
t
s
o
l
u
t
i
o
n
o
f
t
h
e
Q
M
E
,
t
h
e
d
a
s
h
e
d
l
i
n
e
o
n
e
a
r
b
i
t
r
a
r
y
t
r
a
j
e
c
t
o
r
y
,
t
h
e
d
o
t
t
e
d
l
i
n
e
a
n
a
v
e
r
a
g
e
o
v
e
r
5
0
0
t
r
a
j
e
c
t
o
r
i
e
s
.
−0.5
0
0.5
1
P
1
0
200
400
600
Occurence
F
I
G
.
3
:
O
c
c
u
r
r
e
n
c
e
o
f
t
h
e
e
x
p
e
c
t
a
t
i
o
n
v
a
l
u
e
s
o
f
t
h
e
p
o
p
-
u
l
a
t
i
o
n
o
n
t
h
e
d
o
n
o
r
s
t
a
t
e
p
r
o
d
u
c
e
d
b
y
t
h
e
n
e
w
u
n
r
a
v
e
l
i
n
g
s
c
h
e
m
e
f
o
r
t
h
e
R
e
d

e
l
d
Q
M
E
(
d
o
t
t
e
d
l
i
n
e
)
a
n
d
t
h
e
s
t
a
n
d
a
r
d
n
o
r
m
a
l
i
z
e
d
j
u
m
p
m
e
t
h
o
d
f
o
r
t
h
e
L
i
n
d
b
l
a
d
Q
M
E
(
s
o
l
i
d
l
i
n
e
)
a
t
t
i
m
e
!
t
=
(
2

)
=
3
,
b
o
t
h
w
i
t
h
5
0
0
0
t
r
a
j
e
c
t
o
r
i
e
s
.
s
u
Æ
c
i
e
n
t
l
y
c
o
n
v
e
r
g
e
d
a
n
d
a
c
c
u
r
a
t
e
r
e
s
u
l
t
s
.
F
i
g
.
2
s
h
o
w
s
t
h
e
r
e
l
a
x
a
t
i
o
n
o
f
t
h
e
e
n
s
e
m
b
l
e
a
v
e
r
a
g
e
d
d
o
n
o
r
p
o
p
u
l
a
t
i
o
n
P
1
=
h
 
j
1
i
h
1
j

i
+
h

j
1
i
h
1
j
 
i
.
A
w
i
d
e
l
y
d
i
s
c
u
s
s
e
d
p
r
o
p
-
e
r
t
y
o
f
t
h
e
R
e
d

e
l
d
e
q
u
a
t
i
o
n
i
s
t
h
a
t
i
t
d
o
e
s
n
o
t
c
o
n
s
e
r
v
e
p
o
s
i
t
i
v
i
t
y
[
1
2
]
.
A
l
t
h
o
u
g
h
P
1
i
s
a
l
w
a
y
s
p
o
s
i
t
i
v
e
t
h
e
t
i
n
y
n
e
g
a
t
i
v
e
f
r
a
c
t
i
o
n
i
n
F
i
g
.
3
i
s
e
v
i
d
e
n
c
e
f
o
r
t
h
e
e
x
i
s
t
e
n
c
e
o
f
s
i
n
g
l
e
r
e
a
l
i
z
a
t
i
o
n
s
w
i
t
h
n
e
g
a
t
i
v
e
P
1
.
T
h
e
s
i
m
u
l
a
t
i
o
n
o
f
t
h
e
s
a
m
e
s
y
s
t
e
m
w
i
t
h
i
n
t
h
e
s
o
-
c
a
l
l
e
d
d
i
a
b
a
t
i
c
-
d
a
m
p
i
n
g
a
p
p
r
o
x
i
m
a
t
i
o
n
[
2
5
,
2
6
]
w
i
t
h
a
L
i
n
d
b
l
a
d
Q
M
E
b
y
m
e
a
n
s
o
f
t
h
e
s
t
a
n
d
a
r
d
q
u
a
n
t
u
m
j
u
m
p
m
e
t
h
o
d
[
3
,
4
,
5
,
6
,
7
]
k
e
e
p
s
a
l
l
v
a
l
u
e
s
o
f
P
1
w
e
l
l
c
o
n

n
e
d
b
e
t
w
e
e
n
0
a
n
d
1
.
T
o
s
u
m
m
a
r
i
z
e
,
a
n
e
w
m
e
t
h
o
d
o
f
s
t
o
c
h
a
s
t
i
c
u
n
r
a
v
e
l
-
i
n
g
o
f
Q
M
E
s
b
e
y
o
n
d
t
h
e
L
i
n
d
b
l
a
d
f
o
r
m
i
s
p
r
o
p
o
s
e
d
a
n
d
t
h
u
s
n
e
w
l
a
r
g
e

e
l
d
s
o
f
a
p
p
l
i
c
a
t
i
o
n
f
o
r
s
t
o
c
h
a
s
t
i
c
m
e
t
h
o
d
s
a
r
e
o
p
e
n
e
d
.
T
h
i
s
p
r
o
g
r
e
s
s
b
e
c
a
m
e
p
o
s
s
i
b
l
e
w
i
t
h
t
h
e
u
s
e
o
f
t
h
e
w
a
v
e
{
f
u
n
c
t
i
o
n
p
a
i
r
i
n
t
h
e
d
o
u
b
l
e
d
H
i
l
b
e
r
t
s
p
a
c
e
a
n
d
t
h
e
d
e
r
i
v
a
t
i
o
n
o
f
s
t
a
b
l
e
,
a
l
m
o
s
t
n
o
r
m
a
l
i
z
e
d
S
S
E
s
.
T
h
e
e
Æ
c
i
e
n
c
y
i
s
d
e
t
e
r
m
i
n
e
d
b
y
t
h
e
b
e
h
a
v
i
o
r
o
f
t
h
e
n
o
r
m
o
f
e
v
e
r
y
s
i
n
g
l
e
t
r
a
j
e
c
t
o
r
y
.
I
n
t
h
i
s
s
e
n
s
e
t
h
e
j
u
m
p
r
a
t
e
s
w
e
r
e
u
s
e
d
a
s
p
a
r
a
m
e
t
e
r
s
t
o
i
n

u
e
n
c
e
t
h
e
e
Æ
c
i
e
n
c
y
.
N
e
g
-
a
t
i
v
e
v
a
l
u
e
s
f
o
r
t
h
e
w
e
i
g
h
t
o
f
s
i
n
g
l
e
t
r
a
j
e
c
t
o
r
i
e
s
a
l
l
o
w
f
o
r
t
h
e
r
e
c
o
n
s
t
r
u
c
t
i
o
n
o
f
n
o
n
p
o
s
i
t
i
v
e
-
s
e
m
i
d
e

n
i
t
e
R
D
M
s
i
f
r
e
q
u
i
r
e
d
.
T
h
e
m
e
t
h
o
d
w
a
s
s
u
c
c
e
s
s
f
u
l
l
y
t
e
s
t
e
d
f
o
r
a
s
i
m
p
l
e
e
l
e
c
t
r
o
n
t
r
a
n
s
f
e
r
m
o
d
e
l
a
n
d
f
o
r
B
r
o
w
n
i
a
n
m
o
t
i
o
n
a
n
d
s
h
o
u
l
d
a
l
l
o
w
f
o
r
b
e
t
t
e
r
q
u
a
n
t
u
m
d
y
n
a
m
i
c
a
l
s
i
m
u
l
a
-
t
i
o
n
o
f
l
a
r
g
e
s
y
s
t
e
m
s
.
I
t
c
a
n
a
l
s
o
u
n
r
a
v
e
l
n
o
n
-
M
a
r
k
o
v
i
a
n
Q
M
E
s
w
h
e
n
t
h
e
y
a
r
e
i
n
a
t
i
m
e
-
l
o
c
a
l
f
o
r
m
l
i
k
e
i
n
t
h
e
t
i
m
e
-
c
o
n
v
o
l
u
t
i
o
n
l
e
s
s
f
o
r
m
a
l
i
s
m
[
1
3
]
o
r
i
n
m
e
t
h
o
d
s
u
s
i
n
g
a
u
x
i
l
i
a
r
y
d
e
n
s
i
t
y
m
a
t
r
i
c
e
s
t
o
i
n
c
l
u
d
e
t
h
e
m
e
m
o
r
y
e

e
c
t
s
[
1
4
]
a
s
w
e
l
l
a
s
p
o
s
t
-
M
a
r
k
o
v
m
a
s
t
e
r
e
q
u
a
t
i
o
n
s
[
2
3
]
.
[
1
]
U
.
W
e
i
s
s
,
Q
u
a
n
t
u
m
D
i
s
s
i
p
a
t
i
v
e
S
y
s
t
e
m
s
(
W
o
r
l
d
S
c
i
e
n
-
t
i

c
,
S
i
n
g
a
p
o
r
e
,
1
9
9
9
)
,
2
n
d
e
d
.
[
2
]
I
.
K
o
n
d
o
v
,
U
.
K
l
e
i
n
e
k
a
t
h
o
f
e
r
,
a
n
d
M
.
S
c
h
r
e
i
b
e
r
,
J
.
C
h
e
m
.
P
h
y
s
.
1
1
4
,
1
4
9
7
(
2
0
0
1
)
.
[
3
]
M
.
B
.
P
l
e
n
i
o
a
n
d
P
.
L
.
K
n
i
g
h
t
,
R
e
v
.
M
o
d
.
P
h
y
s
.
7
0
,
1
0
1
(
1
9
9
8
)
.
[
4
]
J
.
D
a
l
i
b
a
r
d
,
Y
.
C
a
s
t
i
n
,
a
n
d
K
.
M

l
m
e
r
,
P
h
y
s
.
R
e
v
.
L
e
t
t
.
6
8
,
5
8
0
(
1
9
9
2
)
.
[
5
]
C
.
G
a
r
d
i
n
e
r
,
A
.
P
a
r
k
i
n
s
,
a
n
d
P
.
Z
o
l
l
e
r
,
P
h
y
s
.
R
e
v
.
A
4
6
,
4
3
6
3
(
1
9
9
2
)
.
[
6
]
N
.
G
i
s
i
n
a
n
d
I
.
C
.
P
e
r
c
i
v
a
l
,
J
.
P
h
y
s
.
A
2
5
,
5
6
7
7
(
1
9
9
2
)
.
[
7
]
B
.
G
a
r
r
a
w
a
y
a
n
d
P
.
K
n
i
g
h
t
,
P
h
y
s
.
R
e
v
.
A
4
9
,
1
2
6
6
(
1
9
9
4
)
.
[
8
]
B
.
W
o
l
f
s
e
d
e
r
a
n
d
W
.
D
o
m
c
k
e
,
C
h
e
m
.
P
h
y
s
.
L
e
t
t
.
2
3
5
,
3
7
0
(
1
9
9
5
)
.
[
9
]
G
.
L
i
n
d
b
l
a
d
,
C
o
m
m
u
n
.
M
a
t
h
.
P
h
y
s
.
4
0
,
1
4
7
(
1
9
7
5
)
.
[
1
0
]
W
.
T
.
S
t
r
u
n
z
,
L
.
D
i
o
s
i
,
N
.
G
i
s
i
n
,
a
n
d
T
.
Y
u
,
P
h
y
s
.
R
e
v
.
L
e
t
t
.
8
3
,
4
9
0
9
(
1
9
9
9
)
.
[
1
1
]
T
.
Y
u
,
L
.
D
i
o
s
i
,
N
.
G
i
s
i
n
,
a
n
d
W
.
T
.
S
t
r
u
n
z
,
P
h
y
s
.
R
e
v
.
A
6
0
,
9
1
(
1
9
9
9
)
.
[
1
2
]
V
.
M
a
y
a
n
d
O
.
K

u
h
n
,
C
h
a
r
g
e
a
n
d
E
n
e
r
g
y
T
r
a
n
s
f
e
r
D
y
-
n
a
m
i
c
s
i
n
M
o
l
e
c
u
l
a
r
S
y
s
t
e
m
s
(
W
i
l
e
y
-
V
C
H
,
B
e
r
l
i
n
,
2
0
0
0
)
.
[
1
3
]
V
.

C
a
p
e
k
,
P
h
y
s
i
c
a
A
2
0
3
,
5
2
0
(
1
9
9
4
)
.
[
1
4
]
C
.
M
e
i
e
r
a
n
d
D
.
T
a
n
n
o
r
,
J
.
C
h
e
m
.
P
h
y
s
.
1
1
1
,
3
3
6
5
(
1
9
9
9
)
.
[
1
5
]
H
.
-
P
.
B
r
e
u
e
r
,
B
.
K
a
p
p
l
e
r
,
a
n
d
F
.
P
e
t
r
u
c
c
i
o
n
e
,
P
h
y
s
.
R
e
v
.
A
5
9
,
1
6
3
3
(
1
9
9
9
)
.
[
1
6
]
A
.
A
.
B
u
d
i
n
i
,
P
h
y
s
.
R
e
v
.
A
6
3
,
0
1
2
1
0
6
(
2
0
0
0
)
.
[
1
7
]
P
.
G
a
s
p
a
r
d
a
n
d
M
.
N
a
g
a
o
k
a
,
J
.
C
h
e
m
.
P
h
y
s
.
1
1
1
,
5
6
7
6
(
1
9
9
9
)
.
[
1
8
]
J
.
T
.
S
t
o
c
k
b
u
r
g
e
r
a
n
d
H
.
G
r
a
b
e
r
t
,
c
o
n
d
-
m
a
t
/
0
2
0
3
1
9
3
.
[
1
9
]
H
.
-
P
.
B
r
e
u
e
r
,
B
.
K
a
p
p
l
e
r
,
a
n
d
F
.
P
e
t
r
u
c
c
i
o
n
e
,
P
h
y
s
.
R
e
v
.
A
5
6
,
2
3
3
4
(
1
9
9
7
)
.
[
2
0
]
C
.
W
.
G
a
r
d
i
n
e
r
,
H
a
n
d
b
o
o
k
o
f
S
t
o
c
h
a
s
t
i
c
M
e
t
h
o
d
s
(
S
p
r
i
n
g
e
r
,
B
e
r
l
i
n
,
1
9
8
5
)
.
[
2
1
]
F
.
v
a
n
D
o
r
s
s
e
l
a
e
r
a
n
d
G
.
N
i
e
n
h
u
i
s
,
J
.
O
p
t
.
B
2
,
L
5
(
2
0
0
0
)
.
[
2
2
]
T
.
F
e
l
b
i
n
g
e
r
a
n
d
M
.
W
i
l
k
e
n
s
,
J
.
M
o
d
.
O
p
t
.
4
6
,
1
4
0
1
(
1
9
9
9
)
.
[
2
3
]
T
.
Y
u
,
L
.
D
i
o
s
i
,
N
.
G
i
s
i
n
,
a
n
d
W
.
T
.
S
t
r
u
n
z
,
P
h
y
s
.
L
e
t
t
.
A
2
6
5
,
3
3
1
(
2
0
0
0
)
.
[
2
4
]
P
.
G
a
s
p
a
r
d
a
n
d
M
.
N
a
g
a
o
k
a
,
J
.
C
h
e
m
.
P
h
y
s
.
1
1
1
,
5
6
6
8
(
1
9
9
9
)
.
[
2
5
]
U
.
K
l
e
i
n
e
k
a
t
h
o
f
e
r
,
I
.
K
o
n
d
o
v
,
a
n
d
M
.
S
c
h
r
e
i
b
e
r
,
C
h
e
m
.
P
h
y
s
.
2
6
8
,
1
2
1
(
2
0
0
1
)
.
[
2
6
]
D
.
E
g
o
r
o
v
a
,
A
.
K

u
h
l
,
a
n
d
W
.
D
o
m
c
k
e
,
C
h
e
m
.
P
h
y
s
.
2
6
8
,
5105 (2001).
